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In the next 10 years medium baseline reactor neutrino experiments will attempt to determine the 
neutrino mass hierarchy and to precisely measure θ12. Both of these determinations will be more reliable 
if data from identical detectors at distinct baselines are combined. While interference effects can be 
eliminated by choosing detector sites orthogonal to the reactor arrays, one of the greatest challenges 
facing a determination of the mass hierarchy is the detector’s unknown energy response. By comparing 
peaks at similar energies at two identical detectors at distinct baselines, one eliminates any correlated 
dependence upon a monotonic energy response. In addition, a second detector leads to new hierarchy-
dependent observables, such as the ratio of the locations of the maxima of the Fourier cosine transforms. 
A second detector at a distinct baseline also breaks the degeneracy between θ12 and the background 
neutrino ﬂux from, for example, distant reactors and increases the effective target mass, which is limited 
by current designs to about 20 kton/detector.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Motivation
Ten years ago Petcov and Piai suggested that a medium baseline 
reactor neutrino experiment can determine the neutrino mass hi-
erarchy [1] which is manifested as a subtle shift in the locations of 
peaks in the neutrino spectrum resulting from 1 to 3 oscillations. 
Early studies of this proposal found that it requires an unparalleled 
precision and an enormous detector [2,3]. The situation changed 
with the recent demonstrations [4–6] that 1–3 oscillations are as 
much as an order of magnitude larger than had been believed just 
a year earlier. Using the new value of θ13 the analysis of Ref. [7]
found that the hierarchy could now be determined with a 20-kton 
detector, which is about the largest that a suﬃciently precise de-
tector consisting of two concentric spheres can be. However it 
found that, with detectors at the locations proposed in Refs. [8,9], 
neutrinos arriving from reactors at multiple baselines would erase 
the low energy 1–3 oscillations, diminishing the signiﬁcance of a 
determination of the hierarchy. This problem could be resolved if 
the detector were placed perpendicular to a reactor array, but at 
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SCOAP3.the cost of using the ﬂux from one reactor array instead of two 
and so increasing the statistical errors. Another study [10] found 
that a determination of the hierarchy requires a determination of 
the nonlinear energy response of the detectors to a better preci-
sion than has ever been achieved.
Just as Daya Bay and RENO were able to signiﬁcantly reduce 
their systematic errors by relying only upon the relative ﬂux ob-
served at distinct baselines [11], in the present note we will dis-
cuss how certain relative measurements with two identical detec-
tors at distinct baselines are insensitive to the detectors’ correlated 
energy response, as has been suggested in Refs. [7,12–14]. For ex-
ample we will show that the sign of the energy difference between 
two peaks in the spectra observed at the two detectors can provide 
a determination of the neutrino mass hierarchy which is inde-
pendent of the correlated energy responses of the detectors. We 
will also introduce other two additional two-detector observables 
which are sensitive to the hierarchy and reasonably insensitive to 
the detectors’ correlated energy response.
While it may be diﬃcult to build a suﬃciently precise single 
detector with target mass larger than 20 kton, a two-detector de-
sign can provide 40 kton of target mass. A second detector also 
yields new observables which can be used to determine the hierar-
chy. For example, the ratio of the locations of the global maxima of 
the Fourier cosine transforms is not only sensitive to the hierarchy,  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
E. Ciuffoli et al. / Physics Letters B 736 (2014) 110–118 111but also reasonably nondegenerate with the observables deﬁned in 
Refs. [15,13]. In addition one may use a χ2 ﬁt to the spectra with 
both hierarchies to determine M232 at both detectors, the cor-
rect hierarchy yields the most compatible values for M232. Both 
of these observables are robust in that they are independent of the 
overall normalization of the detector’s energy response.
We will begin in Section 2 with a review of reactor neutrino 
oscillations and how they are affected by the hierarchy. In Sec-
tion 3 we will explain how a comparison of peak locations at 
similar energies but distinct baselines may be used to determine 
the neutrino mass hierarchy with two detectors that have a po-
tentially large unknown correlated nonlinear energy response. In 
Section 4, we show that the neutrino mass hierarchy can be de-
termined from the ratio of the oscillation frequencies at the two 
detectors. In Section 5 we describe how a χ2 ﬁt of M232 at both 
detectors provides yet another determination of the hierarchy. In 
Section 6 we explain that the presence of a second detectors can 
break the degeneracy between the background electron antineu-
trino ﬂux and θ12. Finally in Section 7 we will discuss future 
directions, including the incorporation of these ideas in a more 
complete simulation of a reactor experiment.
2. The electron survival probability
Consider for simplicity a single reactor and two detectors at 
baselines L and 3L/2. Optimal values of L will be between 30 
and 40 km. Each detector consists of an organic liquid scintilla-
tor and will detect neutrinos via inverse β decay capture on free 
protons, the signal in each event is the total number of photoelec-
trons registered in photomultiplier tubes inside of the scintillator. 
The expected spectrum at a ﬁxed baseline is completely deter-
mined except for a total renormalization factor, which depends on 
the number of years of exposure, the total reactor power, target 
mass and detector eﬃciency; we ﬁx this constant remembering 
that, after 3 years, the total number of expected events for a de-
tector at 60 km from a 17.4 GW reactor is 25,000 considering 
neutrino oscillations, corresponding to 90,000 events if oscillations 
are not considered. Rescaling appropriately this number it is possi-
ble to determine the expected number of events for every baseline, 
reactor power, target mass or number of years of exposure. We 
will ignore backgrounds and all contributions to the ﬁnite energy 
resolution except for the statistical ﬂuctuations in the number of 
photoelectrons registered.
The electron neutrino weak interaction eigenstate |νe〉 is not an 
energy eigenstate |k〉, but it can be decomposed into a real sum of 
energy eigenstates
|νe〉 = cos(θ12) cos(θ13)|1〉 + sin(θ12) cos(θ13)|2〉
+ sin(θ13)|3〉. (2.1)
In the relativistic limit, after traveling a distance L, the survival 
probability of a coherent electron (anti)neutrino wavepacket with 
energy E can be expressed in terms of the mass matrix M
Pee =
∣∣∣∣〈νe|exp
(
i
M2L
2E
)
|νe〉
∣∣∣∣
2
= sin4(θ13) + cos4(θ12) cos4(θ13) + sin4(θ12) cos4(θ13)
+ 1
2
(P12 + P13 + P23)
P12 = sin2(2θ12) cos4(θ13) cos
(
M221L
2E
)
,
P13 = cos2(θ12) sin2(2θ13) cos
(
M231L
2E
)
P23 = sin2(θ12)sin2(2θ13) cos
(
M232L
)
(2.2)
2EFig. 1. Theoretical spectra of 6 years live time of neutrinos at a 20 kton detector 
a baseline of 54 km from a 23.2 GW reactor. The vertical axis is the number of 
neutrinos expected in each 30 keV bin. A detector resolution of 2.5%/
√
E (MeV) is 
assumed. The same value of M2eff , deﬁned in Eq. (3.9), is used plotting both the 
normal (red) and inverted (black) hierarchies, which is consistent with the MINOS 
measurements in Ref. [16]. This ﬁxes the high energy parts of the two spectra to be 
nearly identical. (For interpretation of the references to color in this ﬁgure legend, 
the reader is referred to the web version of this article.)
where M2i j is the mass squared difference of mass eigenstates i
and j.
3. Comparing peak locations
3.1. The peak location
The survival probability at large distances is dominated by 1–2 
oscillations, described by P12 with a ﬁne structure of smaller P13
oscillations which are slightly perturbed by the yet smaller P23 os-
cillations. This ﬁne structure is used to determine the hierarchy as 
can be seen in Fig. 1. If P23 were constant, then the ﬁne struc-
ture peaks would be determined entirely by P13 and so would be 
periodic in L/E-space. The nth peak in the neutrino spectrum,1
corresponding to neutrinos that have oscillated n times, would be 
located at the energy
E(0)n (L) =
|M231|L
4πn
. (3.1)
However the P23 oscillations deform this periodicity, shifting the 
nth peak to the energy
En(L) = |M
2
31|L
4π(n ± αn) (3.2)
where the plus (minus) sign corresponds to the normal (inverted) 
hierarchy and the perturbations αn can be determined using 
Eq. (2.2). The αn depend weakly upon unknown neutrino mixing 
parameters, but as a determination of the hierarchy is equivalent 
to a determination of the sign with which αn enters (3.2), this 
small uncertainty in its value will be irrelevant.
3.2. Comparing the 10th and 15th peaks
As was shown in Ref. [13], αn is essentially linear in n for 
n ≤ 10. Therefore the ﬁrst 10 peaks determine the same combi-
nation M2eff of |M231| and |M232| [2]. For n > 10 the combi-
nation of |M231| and |M232| determined by a given peak differs 
from M2eff, with a difference which increases with n. Therefore by 
comparing M2eff determined from any of the ﬁrst 10 peaks with 
1 The 0th peak corresponds to inﬁnite energy, at which neutrinos have not os-
cillated. Higher n corresponds to lower neutrino energy. The ﬁrst few peaks are 
invisible at medium baselines due to the low reactor ﬂux at the corresponding high 
energies.
112 E. Ciuffoli et al. / Physics Letters B 736 (2014) 110–118the location of a high n peak, one obtains two different combi-
nations of |M231| and |M232| and so can determine |M231| and 
|M232| independently and so the hierarchy. Since a greater n im-
plies a greater difference in the two combinations of the splitting, 
it leads to a greater sensitivity to the hierarchy. However, for n
above a certain threshold the oscillation peaks cannot be observed. 
In the case of JUNO and RENO 50, the expected energy resolution 
implies that, at a 50 km baseline, the oscillation peaks can be ob-
served up to roughly n ∼ 16. Therefore the greatest sensitivity to 
the hierarchy is obtained by comparing the 10th and 15th peaks. 
To compare these at the same energy we choose baselines of L and 
3/2L.
It follows from Eq. (3.2) that the ratio of the energy of the 15th 
peak at 3L/2 to that of the 10th peak at L is
E15(3L/2)
E10(L)
= 3(10± α10)
2(15± α15) ∼ 1±
3α10 − 2α15
30
. (3.3)
For ease of comparison with previous studies we will use old val-
ues of the neutrino mass matrix parameters
M221 = 7.59× 10−5 eV2,
∣∣M232∣∣= 2.4× 10−3 eV2,
sin2(2θ12) = 0.8675, sin2(2θ13) = 0.092. (3.4)
Then the relevant αn can be read from Fig. 1 of Ref. [13]
α10 = 0.072, α15 = 0.035 (3.5)
which can be substituted into Eq. (3.3) to yield the energy ratio
E15(3L/2)
E10(L)
= 1.000± 0.005 (3.6)
where again the positive (negative) sign corresponds to the normal 
(inverted) hierarchy.
Therefore we have learned that in the case of the normal (in-
verted) hierarchy the energy of the 15th peak at the far detector 
will be 0.5% higher (lower) than that of the 10th peak at the near 
detector.2 A 0.5% difference is small and diﬃcult to measure with 
limited statistics and detector response. By the 17th peak this dif-
ference increases to 1%, but the detector resolution is reduced at 
these energies. However the important point is that since the en-
ergy response of the detector is monotonic with respect to the 
true energy, the observed energy of the far detector peak will be 
greater (less) than the observed energy at the near detector if and 
only if the true energy is greater (less) which indicates a normal 
(inverted) hierarchy. Thus this determination of the hierarchy is 
independent of the unknown correlated nonlinear energy response 
of the detector.
3.3. How to ﬁnd the 10th and 15th peaks
There is however one complication. In order to use this tech-
nique, one needs to be able to identify the 15th peak at the far 
detector and the 10th peak at the near detector. How can this be 
done? The positions of these peaks depend on |M232| whose mea-
surement at MINOS has error bars only half as large as the distance 
between the 15th and 16th peaks.
To ﬁnd these peaks, we suggest that one begin with the 6th 
peak at the near detector. This is easy to ﬁnd, using Eq. (3.2) it lies 
at an energy of
2 Strictly speaking one must ﬁrst remove the 1–2 oscillations to determine the 
location of the ﬁne structure peak. These result in a hierarchy-independent shift of 
the peaks at each baseline.E6(L) = |M
2
31|L
4π(6± α6) ∼
|M231|L
4π(6± 0.052) . (3.7)
The relative energy difference between the 6th and 7th peak is 
17%, about four times larger than the error with which |M232| is 
known from MINOS. To better estimate the errors, one can use the 
asymptotic form of αn at low values of n [18]
E6(L) = M
2
effL
24π
. (3.8)
where
M2eff = cos2(θ12)
∣∣M231∣∣+ sin2(θ12)∣∣M232∣∣. (3.9)
The combination M2eff is determined by MINOS with an error of 
about 5%. Thus the 6th peak at the near detector can be distin-
guished from the 7th peak at the 3σ level. Including a nonlinear 
response of 2 to 3 percent the reliability of this determination is 
reduced to the 2σ level.
Fortunately, the determination can be made more precise. For 
one, NOνA is likely to measure |M232| more precisely before Daya 
Bay II produces results. More importantly, while the 6th peak at 
the near detector corresponds to the 9th peak at the far detector,3
the 5th and 7th peaks both correspond to minima. Thus a misiden-
tiﬁcation of the 6th peak at the near detector can be discovered if, 
at the same energy, there is a minimum in the far detector ﬂux. 
Again these relative comparisons between the near and far detec-
tor ﬂux are independent of the unknown nonlinear response to the 
extent that the near and far detectors are identical.
Thus it seems possible to identify the 6th peak of the near 
detector with about 4σ of certainty. To ﬁnd the 10th peak, one 
then needs to count peaks. One knows the true energy difference 
between peaks from Eq. (3.2), although this can be somewhat dis-
torted by nonlinearities. While counting peaks at the far detector 
may be diﬃcult in practice due to the low ﬂux, counting peaks at 
the near detector at baselines of less than 40 km is feasible, al-
though perhaps less reliable than a method which uses all of the 
intermediate information like a χ2 ﬁt.
3.4. The procedure
Summarizing, the determination of the hierarchy is a four step 
process:
Step 1. Use Eq. (3.2) to identify the 6th peak at the near detector.
Step 2. Check that at the same energy one ﬁnds a peak at the far 
detector, if not, the 6th peak at the near detector is the second 
nearest peak to the result of Eq. (3.2).
Step 3. Using the expected distance between peaks from Eq. (3.2)
and the location of the 6th peak found above, count peaks to ﬁnd 
the 10th peak at the near detector.
Step 4. The measured energy of the 15th peak at the far detector 
will either be 0.5% higher or lower than the measured energy of 
the 10th peak at the near detector. If it is higher (lower) than the 
neutrino mass hierarchy is normal (inverted).
These steps are illustrated on the theoretical spectra, which ex-
clude statistical errors, in Fig. 2. This ﬁgure contains the expected 
spectra at 36 and 54 km in the case of the inverted hierarchy 
assuming an optimistic energy resolution. The nonlinear detector 
3 The hierarchy makes little difference at such low values of n because αn is very 
close to linear, indeed α9/α6 is 1.42.
E. Ciuffoli et al. / Physics Letters B 736 (2014) 110–118 113Fig. 2. Theoretical spectra of 6 years of neutrinos at 20 kton detectors at baselines 36 km (black) and 54 km (blue) from a 23.2 GW reactor. The vertical axis is the number 
of neutrinos expected in each 30 keV bin, although the far detector ﬂux has been tripled to render its features visible in this ﬁgure. A detector resolution of 2.5%/
√
E (MeV)
is assumed. The 6th peak at the near detector lies at virtually the same energy as the 9th peak at the far detector. However the 15th far peak is at a slightly lower energy 
than the 10th near peak, indicating an inverted hierarchy. On the right panel a nonlinear energy response is included Eobserved = Etrue + (2%/3 MeV)E2true . (For interpretation 
of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)Fig. 3. Typical simulated spectra of 6 years of neutrinos at 20 kton detectors at base-
lines 36 km (black) and 54 km (blue) from a 23.2 GW reactor. The red curves are 
the theoretical spectra of Fig. 2. The vertical axis is the number of neutrinos ex-
pected in each 30 keV bin, although the far detector ﬂux normalization has been 
rescaled by a factor of 3 in the ﬁgure to render its features visible. A detector res-
olution of 2.5%/
√
E (MeV) is assumed. While the peaks discussed in this paper are 
visible, their positions are diﬃcult to determine by eye to within the required 0.5%. 
The same nonlinear energy response is used as in the right panel of Fig. 2. (For in-
terpretation of the references to color in this ﬁgure legend, the reader is referred to 
the web version of this article.)
response is not included in the left panel but a simple quadratic 
model of the nonlinear energy response is included in the right 
panel for illustration. To see the effects of statistical errors, we 
have included the results of a simulation with the same param-
eters and the same quadratic model of the nonlinear energy re-
sponse in Fig. 3. Here we have considered 6 years live time of 
neutrinos arising from a reactor complex with a thermal capacity 
of 23.2 GW, corresponding roughly to the pairs of reactors at Daya 
Bay, Ling Ao I and Ling Ao II plus the planned pair Ling Ao III. Each 
detector is assumed to be 20 ktons. While the construction of a 
JUNO like detector, made from concentric spherical shells, larger 
than 20 ktons seems diﬃcult if not impossible, the construction of 
2 detectors allows an effective target mass of 40 ktons and so, in 
addition to helping with the nonlinearity problem, also decreases 
the fractional statistical errors in the neutrino ﬂux. We have sim-
ulated detector locations perpendicular to the reactor array,4 so 
that the baselines to various reactors are essentially identical, thus 
avoiding the interference effects of Ref. [13].
4. Comparing oscillation frequencies
We have seen that a comparison of individual peak energies 
can be independent of the correlated detector nonlinear energy 
4 In the case of Daya Bay this would correspond roughly to HuaShan and GuanYin 
mountain park respectively.response. In practice, given the long baselines which are neces-
sary, a determination of the hierarchy will be strongly limited by 
statistics. Therefore the best determination of the hierarchy uses 
information from the entire spectrum, not just from a few peaks. 
While the determination described above can and should be ap-
plied to every visible peak, the highest sensitivity to the hierarchy 
arises at low energies where the individual peaks are diﬃcult to 
identify.
There are two known ways to take advantage of the informa-
tion stored in the entire spectrum, including the invisible peaks. 
One can use a Fourier transform to sum them together [17] or one 
may perform a χ2 analysis. In the next two sections we will de-
scribe new, hierarchy-dependent observables which are provided 
by a second detector using these two methods respectively.
4.1. The oscillation frequencies
The Fourier cosine transform of the observed neutrino spectrum 
Φ(L/E) at energy E at the ith detector, depicted in Fig. 4 in the 
case of an L = 60 km baseline, is
F (k) =
∫
d
(
L
E
)
Φ(L/E) cos
(
kL
2E
)
. (4.1)
This transform exhibits a global maximum at a frequency M2i
near |M231| [15]. The location of this maximum can be deter-
mined using the results of Ref. [13].
At baselines of 30 km or less, neutrinos of high enough energy 
to be observed using inverse β decay have oscillated less than 10 
times. These ﬁrst oscillations occur with a frequency determined 
entirely by M2eff [18] and not by the hierarchy. The maximum of 
the Fourier cosine transform of the near detector spectrum lies at 
just this frequency
M2near = M2eff = cos2(θ12)
∣∣M231∣∣+ sin2(θ12)∣∣M232∣∣. (4.2)
On the other hand, at a baseline of 60 km one can in principle 
detect at least the ﬁrst 16 oscillations. The average L/E frequency 
of the ﬁrst 16 oscillations is |M231| therefore at a far detector the 
maximum of the Fourier cosine transform lies at approximately
M2far ∼
∣∣M231∣∣. (4.3)
The precise location of the maximum depends on just how many 
peaks can be discerned at the detector. At low energies the de-
tector’s energy resolution leads to a decrease in the peak ampli-
tudes, and the result is that the low energy peaks contribute less 
to the nonzero frequency part of the Fourier transform. The low 
energy peaks of the spectrum drive the maximum of the Fourier 
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E (MeV) visible energy resolution, blue curve: 
normal hierarchy; red curve: inverted hierarchy. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
Table 1
The posterior odds of successfully determining hierarchy with 20 kton/detector and 3 years live time using the Fourier peak-valley analysis (RL + PV) at a 60 km baseline 
detector, the oscillation frequency method ( fdis) using a 30 km and a 60 km detector, a combination of both (RL+ PV & fdis) and ﬁnally only RL + PV but with 2 detectors 
at 60 km. The hierarchy is determined by comparing RL + P V and fdis to the thresholds −0.03 and 1 respectively. In the fourth and ﬁfth column the unknown nonlinear 
energy response is considered. In parentheses is the probability of achieving 2σ of sensitivity, obtained using the results from Ref. [20].
Method Posterior odds (prob. of 2σ ’s)
NH IH Nonlin: NH Nonlin: IH
RL + PV, 20 kton × 3 years 85.9% (73.9%) 85.9% (73.9%) 59.1 95.7
fdis, oscillation frequency 89.4% (80.8%) 89.4% (80.8%) 95.6 67.4
RL + PV & fdis combination 97.2% (95.2%) 95.5% (92.2%) 93.7 89.7
RL + PV, 20 kton × 2 × 3 years 93.3% (88.2%) 93.3% (88.2%) 62.0 99.6transformed spectrum from M2eff towards and possibly beyond 
|M231|. Thus the better the energy resolution, the further M2far
will be from M2eff .
The hierarchy is determined by the ratio
fdis = M
2
near
M2far
∼ M
2
eff
|M231|
= 1+ sin2(θ12)
( |M231| − |M232|
|M231|
)
. (4.4)
Roughly speaking, a value greater than 1 indicates the normal hier-
archy and less than one indicates the inverted hierarchy. In practice 
the resolution determines an overall shift in M2far and so the 
threshold value will not be precisely equal to 1, but can be de-
termined for example via simulations.
4.2. Results
As an illustration of this method, consider the neutrinos from 
a set of reactors with a total thermal capacity of ∼34.8 GW all of 
which are 30 km from a 20 kton near detector and 60 km from 
an identical far detector. We have simulated 2000 experiments as-
suming each hierarchy, with a detector visible energy resolution of 
3%/
√
E (MeV). We have assumed 50k events at the far detector 
and 200k at the near site. This corresponds to roughly ∼3 years 
live time,5 neglecting the decrease in total ﬂux due to 1–2 oscil-
lations. We have not considered the unknown nonlinear detector 
response and errors here.
5 The large backgrounds expected at such an experiment [19] may require severe 
cuts and thus an imperfect detector eﬃciency, as a result 3 years of live time may 
require appreciably more than 3 years of running at sites with only 500 m of rock 
overburden.Fig. 5. Histogram of the number of simulated experiments yielding each value of fdis
for a near baseline of Lnear = 30 km and a far baseline of Lfar = 60 km, Blue curve: 
normal hierarchy; Red curve: inverted hierarchy. The dashed line is the threshold 
which yields the hierarchy determination. (For interpretation of the references to 
color in this ﬁgure legend, the reader is referred to the web version of this article.)
The distribution of fdis is shown in Fig. 5. The dashed line is the 
identiﬁcation cut, which appears to be very close to 1, the value of 
fdis such that the number of events with one hierarchy on its right 
is equal to the number with the other hierarchy on its left. We will 
say that the hierarchy indicated by an experiment corresponds to 
the side of this line on which the test statistic lies. The resulting 
Bayesian posterior odds of favoring the correct hierarchy are sum-
marized in Table 1, where they are compared with the peak-valley 
(RL + PV) analysis of Ref. [3] using one or two 20 kton detec-
tors at 60 km. The RL + PV analysis uses an identically deﬁned 
identiﬁcation cut, whose value is −0.03 for both 3 and 6 years of 
running. For comparison, we consider also a case where a model 
of the unknown nonlinear energy response is included. We used 
the model presented in Ref. [10], where the nonlinearity is tuned 
in such a way that, if the hierarchy is normal, it can mimics the 
behavior of the inverted hierarchy. However, this model is very 
pessimistic, corresponding to an energy scale uncertainty of 3%, 
E. Ciuffoli et al. / Physics Letters B 736 (2014) 110–118 115Fig. 6. The correlation between the Fourier transform peak-valley analysis (RL + PV 
method) and the oscillation frequency analysis ( fdis).
appreciably worse than that already obtained by KamLAND and 
Daya Bay. Therefore we rescale the energy shift E by a factor of 
1/3, reﬂected the 1% uncertainty which has been adopted as a goal 
by the experimental collaboration.
Using the relations derived in Ref. [20], we can convert the pos-
terior odds into a statistic and then convert that statistic into the 
probability of achieving 2σ of sensitivity to the hierarchy. The sen-
sitivity to the hierarchy is deﬁned to be the posterior probability 
that the analysis method selected yields the correct hierarchy given 
a symmetric Bayesian prior of 50% for each hierarchy. This sensi-
tivity is converted into a number of σ using the error function. 
However, since these relations hold only if the normal and inverted 
hierarchies are (more or less) symmetric, it was not reported in the 
case of nonlinearity, where this assumption does not hold.
We ﬁrst discuss the case without nonlinearity.
The asymmetry between the two hierarchies in the case of the 
combined analysis is caused by a combination of three effects. First 
of all, the small number of simulations considered here leads to 
rather large statistical errors. Second, for each indicator a thresh-
old for determining the hierarchy has been chosen, and it may 
have been chosen suboptimally. However, even when a χ2 ﬁt is 
used with a large data sample [21], there remains an asymmetry 
for the following reason. In the determination of the hierarchy we 
use MINOS’ value for the atmospheric mass splitting, together with 
the associated errors. If the hierarchy is normal (inverted) then this 
mass splitting will be lower (higher) than M2eff , which is mea-
sured by a reactor experiment. Thus a normal hierarchy leads to a 
higher value of M2eff. However the hierarchy-dependence in the 
reactor spectrum only arises after about M2eff/(2M
2
21) neutrino 
oscillations. So a normal hierarchy implies that more oscillations 
need to be observed to determine the hierarchy, which reduces 
the sensitivity to the hierarchy. Note that no asymmetry arises in 
the case of a single analysis because of the deﬁnition of the iden-
tiﬁcation cut.
In the third row of Table 1 we consider a combination of the 
20 kton 60 km RL + PV analysis and the oscillation frequency 
analysis presented here. This combination, which uses a 20 kton 
detector at 30 km and at 60 km, signiﬁcantly outperforms the two 
20 kton detectors at 60 km analyzed in the fourth row. The strong 
improvement attained by combining the RL + PV and oscillation 
frequency methods is a result of the fact that they are only weakly 
degenerate, as can be seen in Fig. 6.
As our method relies only upon the relative positions of the 
peaks in the Fourier transformed spectra, it is not affected by 
the uncertain value of |M232| [17]. Furthermore, it was shown in 
Ref. [22] that the Fourier analysis is not affected by a rescaling 
of the energy and hardly affected by a constant energy shift, and 
therefore is robust with respect to a nonlinear energy response of the form Erec = a × E + b and even reasonably independent of the 
reactor ﬂux model.
When the unknown nonlinear energy response is considered 
we observe that, using the RL + PV method, the probability of suc-
cess of the experiment drops drastically if the hierarchy is normal. 
This is expected, since this particular nonlinear energy response, 
for a ﬁxed baseline, mimic the behavior of the inverted hierarchy. 
One can object that, on the other hand, the probability of success is 
increased in the case of the inverted hierarchy; however we want 
to prove that there is a model of nonlinearity that can severely in-
terfere with the sensitivity to the hierarchy of the experiment; if 
the true hierarchy is inverted, it is suﬃcient to change the sign of 
E to obtain the same result. However we can see that this is not 
true with the fdis parameter, because in this case there are two 
detector at different baselines; here instead the asymmetry is in 
favor of the normal hierarchy. The importance of a second detec-
tor can be easily seen in the third row, where combining the two 
methods we can obtain a result which is almost as good as the 
case without nonlinearity.
We have conﬁrmed that the oscillation frequency method not 
only outperforms the Fourier peak-valley analysis, but it also is less 
affected by the unknown non-linear energy response.
5. Optimizing the baselines
Which two baselines should be used? The choice of a pair of 
baselines must be chosen such that the two detectors give com-
plimentary information, so as to best constrain the hierarchy. In 
this section we will present a graphic representation of the com-
plimentarity of various choices of baselines.
The basic observation is that if |M232| is ﬁt independently at 
each detector then detectors at different baselines will give com-
patible values of |M232| if the ﬁt is to the correct hierarchy. Two 
baselines are complimentary if the converse of this statement in 
also true. More precisely, we will say that two baselines are com-
plimentary if a ﬁt to the incorrect hierarchy yields incompatible 
best ﬁt values of |M232| at the two baselines. Using this crite-
rion, we will now see which pairs of baselines are complimentary. 
Since our study was performed, a similar analysis has been used 
to quantify the synergy between JUNO and PINGU [23].
As has been shown in Ref. [24], if interpreted correctly, a χ2
analysis can be used to determine the neutrino mass hierarchy at 
a reactor experiment. As it uses all of the information available 
in the spectrum, it can potentially provide a more robust deter-
mination of the hierarchy than a Fourier analysis, as was seen for 
example in the simulations of Ref. [10].
The χ2 statistic corresponding to the simulated spectrum 
Nspectrum,i is deﬁned to be
χ2 =
n∑
i
(Nspectrum,i − Nﬁtted,i)2
Nspectrum,i
(5.1)
where Nﬁtted,i is the best ﬁt spectrum with a given hierarchy. For 
simplicity we will only ﬁt the parameter |M232|. Here the in-
dex i labels the 50 keV bins. The energy resolution is taken to 
be 3%/
√
E (MeV).
We have found the value of |M232| which minimizes the χ2
value of ﬁts to both hierarchies at various baselines. As can be 
seen in Fig. 7, while a ﬁt to the correct hierarchy, by construc-
tion, correctly yields the simulated value |M232| = 2.4 ×10−3 eV2, 
a ﬁt of the NH (IH) simulated data to the theoretical IH (NH) spec-
trum yields a best ﬁt for |M232| which depends upon the baseline. 
However this baseline dependence is weak below about 35 km.
What does this teach us? The far detector must be at a base-
line of at least 45 km, preferably more than 50 km, or else it is 
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and neutrino oscillation. Left: simulated data using the normal hierarchy, blue: ﬁt with NH; Red: ﬁt with IH; right: simulated data using the inverted hierarchy, blue: ﬁt with 
NH; Red: ﬁt with IH. The top panels are the corresponding values of χ2min . At each baseline 5 simulations were performed and averaged, which is suﬃcient to illustrate 
that the analysis can be used but insuﬃcient to determine the expected χ2. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the 
web version of this article.)
Table 2
Best ﬁt M232 value versus baseline for NH and IH, which all are based on the simulated data with 1M events and 3%/
√
E (MeV) visible energy resolution, without 
consideration of backgrounds and errors.
Baseline Statistics NH M232 ± ε (10−3 eV2) IH M232 ± ε (10−3 eV2)
Fit by NH Fit by IH Fit by NH Fit by IH
10 km 50k 2.410± 0.002 2.515± 0.002 2.308± 0.002 2.412± 0.002
30 km 50k 2.408± 0.003 2.518± 0.003 2.299± 0.002 2.410± 0.003
60 km 50k 2.407± 0.004 2.533± 0.005 2.284± 0.005 2.415± 0.004
10 km 1M 2.410± 0.001 2.5139± 0.0004 2.3061± 0.0004 2.4102± 0.0005
30 km 1M 2.410± 0.001 2.5206± 0.0006 2.2988± 0.0005 2.4097± 0.0005
60 km 1M 2.410± 0.001 2.5412± 0.0010 2.2794± 0.0010 2.4080± 0.0009only sensitive to M2eff and not to the hierarchy [13]. However 
from Fig. 7 we learn that the sensitivity to the hierarchy is greater 
when the difference between the two baselines is greater. Thus 
one wants two baselines that are as different as possible. However 
the fact that the dependence is mild below 35 km means that all 
baselines between about 5 and 35 km give equivalent informa-
tion concerning |M232|, this is because the locations of the ﬁrst 
ten oscillation maxima are entirely determined by M2eff [13]. This 
suggests that the optimal location is a far detector as far from the 
reactors as allowed by the statistical limitations of the experiment, 
in other words more powerful reactors, a longer exposure time and 
a bigger detector yield a longer optimum baseline for the far de-
tector. On the other hand the near detector should be closer than 
35 km, but within this limit we expect the choice of baseline to be 
of little relevance. Indeed this expectation agrees with the results 
of simulations reported in Ref. [21].
This observation may be used to determine the hierarchy as 
follows. One may use a χ2 ﬁt of the spectra observed at two dif-
ferent baselines, assuming both hierarchies, to generate 4 values 
of |M232|. The values generated by the correct hierarchy at the 
various detectors will all agree, whereas those generated by the 
wrong hierarchy will depend upon the baseline. For example, in 
the case simulated here the values of |M232| resulting from these 
ﬁts are summarized in Table 2. Here we have also included the corresponding projected ﬁts from the Daya Bay experiment’s far 
detectors with simulated data, which similarly yield a hierarchy 
dependent ﬁt at an effective baseline. The hierarchy is determined 
from the relative values of |M232|, which in the case of identi-
cal detectors is less sensitive to the correlated nonlinear energy 
response.
6. Background ﬂux and θ12
The existence of a second detector at a distinct baseline can 
also help with another of JUNO’s goals [8], the determination of 
the mixing angle θ12. This is determined by ignoring the small 1–3 
oscillations in the observed oscillated reactor neutrino spectrum, 
and measuring the depth of the ﬂux minimum at the energy cor-
responding to the 1–2 oscillation maximum.
Proposed sites for the construction of medium baseline reac-
tor experiments are in China’s Guangdong province and in South 
Korea, both of which are experiencing the rapid construction of 
nuclear reactors. Only the nearest reactors can effectively be used 
to determine the hierarchy, more distant reactors provide back-
grounds. The JUNO location of Ref. [8] may have a large back-
ground from the proposed reactor at Lufeng, and the perpendicular 
locations proposed in Ref. [7] may have backgrounds from the pro-
posed reactor at Huidong. As described in Ref. [13], while the 
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they may actually provide more ﬂux at the 1–2 minimum than 
the foreground reactors because at that energy the background 
reactors are at their 1–2 minimum. In addition, the other sites 
proposed for JUNO, in western Guangdong, along with all possi-
ble sites for Reno 50 [25] will have to contend with background 
reactors 200 km away, whose contribution to the ﬂux at the 1–2 
maximum is nonetheless appreciable [14].
Can this background ﬂux be simply subtracted away? Of course 
its contribution to the statistical error cannot be removed [26]. 
But also it contributes a systematic error, as the overall reac-
tor ﬂux normalization is poorly understood [27] and so the ex-
pected background ﬂux cannot be reliably determined. With the 
vast array of experiments underway it will no doubt be measured 
more precisely before a medium baseline experiment is built, but 
nonetheless the overall reactor ﬂux normalization is unlikely to be 
measured as precisely as the 0.63% desired precision for the mea-
surement of sin2(2θ12) at JUNO [19].
If the reactor ﬂux normalization is increased, then the back-
ground ﬂux at the 1–2 maximum will be increased and so the 
measured value of θ12 will decrease. This leads to a degeneracy 
between θ12 and the overall reactor ﬂux normalization. This de-
generacy will be broken if there are multiple detectors at distinct 
baselines, because the relative ﬂux deﬁcit at the 1–2 maximum 
measured by each detector will be a distinct combination of the 
reactor ﬂux normalization and the disappearance due to 1–2 os-
cillations. Thus systematic errors due to the unknown reactor ﬂux 
normalization will be decreased. For example, the detectors de-
scribed above at 36 km and 54 km perpendicular to the Daya Bay 
complex would satisfy both of these criteria.
7. Discussion
In this note we have introduced several multidetector observ-
ables which are sensitive to the hierarchy. The deﬁnitions chosen 
have not yet been optimized. Thus while the posterior chance of 
success based on these techniques is overestimated by the fact that 
various backgrounds and systematics have not been included in 
our analysis, it is also underestimated as the analyses considered 
can easily be improved.
For example, consider the oscillation frequency method intro-
duced in Section 4. While the ﬁne structure oscillation frequency 
observed at the near detector is everywhere M2eff, that observed 
at the far detector is energy dependent. It will be M2eff at high 
energies, and it will deviate from M2eff by as much as 3% near the 
1–2 oscillation maximum. The Fourier transform maximum that 
we have deﬁned in Eq. (4.4) is only sensitive to the average fre-
quency, and so is only sensitive to the hierarchy at the 1% level, 
as can be seen in Fig. 5. Therefore a higher sensitivity may be 
obtained by Fourier transforming only the part of the spectrum 
which is the most sensitive to the hierarchy, the low–mid energies 
corresponding to the 1–2 oscillation maximum. Such a restricted 
Fourier transform may be obtained by using a weighted Fourier 
transform of the kind introduced in Ref. [28] and used in Ref. [7]. 
In Ref. [28] it was shown that such weights are anyway necessary 
to remove a spurious dependence upon the high energy tail of the 
neutrino spectrum, which is poorly understood, irrelevant to the 
hierarchy and a factor of 2–3 times lower than that given by the 
quadratic ﬁt spectrum [29] used in studies such as this one and 
Refs. [15,3].
8. Future directions
The simulations of Ref. [7] show that, even if the detector re-
sponse is perfectly understood, the chance of determining the hi-erarchy in 6 years with a single 20 kton detector in Guangdong 
province appears to be limited to about 96% using a Fourier anal-
ysis, although this can be somewhat improved using a χ2 analysis 
[10]. However in this note we have restricted our attention to 
possible solutions to the nonlinearity problem, considering an ide-
alized situation in which the baselines can be chosen at will, there 
are no backgrounds and the neutrino ﬂux arises from a single re-
actor, thus avoiding multiple baseline interference effects. In this 
context we can in principle determine whether the seemingly un-
achievable experimental requirements that Ref. [10] found for the 
understanding of the nonlinear response at a single detector also 
apply to multiple detectors, or if instead a multidetector setup can 
determine the hierarchy in the presence of an unknown nonlinear 
response larger than that allowed in a single detector setup.
An optimal χ2 ﬁt should introduce pull parameters for the var-
ious sources of nonlinearity together with different penalty terms 
for correlated and uncorrelated errors. The uncorrelated errors are 
expected to be subdominant. The correlated errors on the other 
hand, as we have argued in this note, are not necessarily a serious 
obstruction to the determination of the hierarchy at a multidetec-
tor experiment.
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